with several specular paths C. Chen and A. Abdi In this letter a recursive and computationally efficient new formula for bit error rate (BER) in multipath channels with several specular components is derived. Using Jensen's inequality it is shown that one specular component, Rice fading, provides the lowest possible BER. Using Lagrange multipliers to solve a constrained optimization problem, it is further shown that for two specular components, BER is maximum when the two components have equal strengths. BERs for three and four specular paths are studied and compared numerically. The results show the impact of the number of specular paths on BER, as well as the smallest and largest BERs.
Introduction: Bit error rate (BER) of digital modulations has been extensively studied for multipath channels and in the presence of diffuse components (Rayleigh fading), as well as diffuse plus one specular component (Rice fading) [1] . The probability density function (pdf) of the signal envelope for more than one specular component is discussed in [2] - [4] . In this letter new results are derived using Jensen's inequality and Lagrange multipliers for constrained optimization, to determine the impact of the number of specular components on BER, and the highest and lowest values of BER. which upon substitution into (1) result in the following unconditional pdf for U
where E is expectation. The BER expression of several modulations in additive white
Gaussian noise is an exponential function of U [1] . Here we consider binary differential phase shift keying whose BER, conditioned on U, is given by 
where the integral in (3) is solved using Mathematica.
Lowest possible BER:
where N V in the exponential in (3) is replaced by Ψ . This approach is used in [6] to derive the amplitude pdf recursively, whereas we use it in a different way, to obtain new BER results, by computing the BER recursively. By substituting
obtain the following BER, conditioned on
Based on the integral identity 
where 0 0 V ≡ . Eq. (6) includes Rice BER, eq. (8.213) in [1] , as a special case, for
V a is a constant, eq. (6) results in
.
For 3 N = the expectation in (6) is over 2 V , which depends on 2 Φ . Therefore
Following the same approach, eq. (6) 
with 3 V defined before and 2  3  2  1  2  2  3  2  2  3 cos( ) ( cos ) cos sin sin V a a a
Equations (7)- (9) are computationally more efficient than integrals over products of Bessel functions (see [4] and references therein).
Highest and lowest BERs using Lagrange multipliers:
The BER in (7) a a + = Ω . To solve this using Lagrange multipliers [7] , we define the Lagrange Using the Hessian matrix [7] , we have shown the BER is maximum at this critical point. Consistent with the analytical finding that minimum BER occurs when one specular component is much stronger than the others, we observe that the minima in Fig. 2 are located at 
